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In this paper we completely describe the 2n#2 minimal cyclic codes of length 2pn
over F
q
, as minimal ideals in the ring R"F
q
[x]/Sx2pn!1T in terms of their generat-
ing idempotents. Explicit expressions for the primitive idempotents, generating poly-
nomials, minimum distance, and dimension of these codes are obtained. We assume
that F
q
"GF(q), where q (prime power) is primitive root modulo 2pn and n51 is an
integer, and both p and q are odd. ( 1999 Academic Press1. INTRODUCTION
Let F
q
("GF (q)) be a Þeld of prime power order q and m51 be an integer
with (q, m)"1, where (a, b) denotes the gcd of a and b. The cyclic codes of
length m over F
q
can be viewed as ideals in the semisimple ring
R"F
q
[x]/Sxm!1T. In particular, the minimal cyclic codes of length m over
F
q
are the ideals of the ring R generated by the primitive idempotents. Let t be
the multiplicative order of q modulo m. Then 14t4/(m) (the Euler /-
function). If t"/ (m), then m"2, 4, pn, or 2pn for some odd prime p and
integer n51 [3, p. 76]. In case m"2, 4, or pn, the explicit expressions for the
primitive idempotents are obtained in [4]. Here we consider the case when
m"2pn and obtain explicit expressions for the 2n#2 primitive idempotents
in R. As a consequence the minimal cyclic codes of length 2pn over F
q
are177
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178 ARORA AND PRUTHIobtained as ideals of R. The generating polynomial, the dimension, and the
minimum distance for these codes are obtained in Section 3.
2. PRIMITIVE IDEMPOTENTS IN R"F
q
[x]/Sx2pn!1T
Throughout this paper we assume that p is an odd prime and n51 is an
integer. The Þeld F
q
is of prime power order q (odd) and (q, p)"1. The ring
R"F
q
[x]/Sx2pn!1T is semisimple. We further assume that /(pn) is the
multiplicative order of q modulo 2pn. Then 2n#2 q-cyclotomic cosets
modulo 2pn are given by
)
i
"Mpi~1, pi~1q ,2 , pi~1q((pn~i‘1)~1N,
)*
i
"M2pi~1, 2pi~1q ,2, 2pi~1q((pn~i‘1)~1N,
where 14i4n#1 and )*
n‘1
"M0N.
Note that the elements of )
i
are the odd numbers in the range
0, 1, 2,2 , 2pn!1 divisible by pi~1 but no higher powers of p and the
elements of )*
i
are the even numbers in the range 0, 1,2 , 2pn!1 divisible by
pi~1 but no higher power of p. For 14i4n#1, the elements X
i
(x), X*
i
(x) of
R are deÞned as
X
i
(x)" +
s|)i
xs and X*
i
(x)" +
s|)*i
xs.
Let m be a primitive (2pn)th root of unity in an extension Þeld of F
q
. Then
obviously
x2pn!1"2p
n~1
<
m/0
(x!mm).
2.1. LEMMA. (a) For 14i4n,
(X*
i
#X
i
) (mm)"G
0 if m is odd
0 if m is even and pn~iP m
!2pn~i if m is even, pn~i Dm and pn~i‘1Pm
2pn~i(p!1) if m is even and pn~i‘1 Dm
.
(b)
(X*
n‘1
#X
n‘1
) (mm)"G
0
2
if m is odd
if m is even
.
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(X*
i
#X
i
) (x)" +
S|)i
xs# +
S|)*i
xs
"2p
n~i‘1~1
+
k/1
(k,p)/1
(xpi~1)k
"2p
n~i‘1~1
+
k/0
(xpi~1)k!2p
n~i~1
+
t/0
(xpi)t. (1)
Case I. If m is odd then 2pnPmpi. Therefore mmpi~1!1O0 and
mmpi!1O0. It then follows from (1) that
(X*
i
#X
i
) (mm)"(mmp
i~1)2pn~i‘1!1
mmpi~1!1
!(mmp
i)2pn~i!1
mmpi!1
"0.
Case II. If m is even and pn~iP m then 2pnPmpi. The result follows on
similar lines as in Case I.
Case III. In this case 2pn Dmpi but 2pnPmpi~1. Therefore, mmpi"1 but
mmpi~1!1O0. Hence from (1),
(X*
i
#X
i
) (mm)"0!2p
n~i~1
+
t/0
1"!2pn~i.
Case I». As 2pn Dmpi~1, therefore, mmpi~1"1"mmpi . Hence again from (1),
(X*
i
#X
i
) (mm)"2p
n~i‘1~1
+
k/0
1!2p
n~i~1
+
t/0
1
"2pn~i (p!1).
(b) Trivial.
2.2. LEMMA. For 04i4n,
n‘1
+
j/i‘1
(X*
j
#X
j
) (mm)"G
0 if m is odd
0 if m is even and pn~iP m
2pn~i if m is even and pn~i Dm
.
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n‘1
+
j/i‘1
(X*
j
#X
j
) (x)"2p
n~i~1
+
k/0
(xpi)k (2)
Hence
n‘1
+
j/i‘1
(X*
j
#X
j
) (mm)"m2mp
n!1
mmpi!1 "0,
if either m is odd or If m is even and pn~iP m. Now, if m is even and pn~i Dm,
then 2pn Dmpi and Case III follows from (2).
2.3. LEMMA. (a) For 14i4n,
(X*
i
!X
i
) (mm)"G
0 if m is even
0 if m is odd and pn~i Pm
!2pn~i if m is odd, pn~i Dm and pn~i‘1P m
2pn~i(p!1) if m is odd and pn~i‘1 Dm
(b) (X*
n‘1
!X
n‘1
) (mm)"0 for any m.
Proof. We can write
(X*
i
!X
i
) (x)" +
s|)*i
xs! +
s|)i
xs (3)
"2 p
n~i‘1~1
+
k/0
(x2pi~1)k!2p
n~i‘1~1
+
k/0
(xpi~1)k
!2 p
n~i~1
+
k/0
(x2pi)k#2p
n~i~1
+
k/0
(xpi)k. (4)
If m is even then m)
i
"m)*
i
and Case I follows from (3). If m is odd and
pn~iP m then 2pnPmpi. Hence from (4), we obtain
(X*
i
!X
i
) (mm)"2 C
(m2mpi~1)pn~i‘1!1
m2mpi~1!1 D!C
(mmpi~1)2pn~i‘1!1
mmpi~1!1 D
!2C
(m2mpi)pn~i!1
m2mpi!1 D#C
(mmpi)2pn~i!1
mmpi!1 D
"0, proving Case II.
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2pnP 2mpi~1, and 2pnPmpi. Hence from (4) again,
(X*
i
!X
i
) (mm)"0!0!2 p
n~i~1
+
k/0
1#0"!2pn~i
and Case III follows.
Finally, if m is odd and pn~i‘1 Dm, then 2pn D2mpi~1 but 2pnPmpi. This fact
then yields from (4),
(X*
i
!X
i
) (mm)"2 p
n~i‘1~1
+
k/0
1!0!2 p
n~i~1
+
k/0
1!0
"2pn~i‘1!2pn~i
"2pn~i(p!1).
completing the proof of Lemma 2.3(a).
(b) Trivial.
2.4. LEMMA. For 04i4n,
n‘1
+
j/i‘1
(X*
j
!X
j
) (mm)"G
0 if m is even
0 if m is odd and pn~i Pm
2pn~i if m is odd and pn~i Dm
.
Proof. The sum of the geometric series for the given expression is
n‘1
+
j/i‘1
(X*
j
!X
j
) (x)"2 p
n~i~1
+
k/0
(x2pi)k!2p
n~i~1
+
k/0
(xpi)k (5)
"2 x2p
n!1
x2pi!1!
x2pn!1
xpi!1 . (6)
The Cases I and II follow easily from (5) and (6). In Case III, m is odd and
pn~i Dm; then 2pn D2mpi but 2pnP mpi, and hence from (5),
n‘1
+
j/i‘1
(X*
j
!X
j
) (mm)"2 p
n~i~1
+
k/0
1!m2mp
n!1
mmpi!1
"2pn~i!0"2pn~i;
this completes the proof of the Lemma.
182 ARORA AND PRUTHI2.5. Remark. The proof of our Theorem 2.6 involves [5, Thms. 42 and 53]
and the theory of primitive idempotents developed in [2, Sects. 8.2 and 8.3]
(generalized to the non-library case).
The following two facts will be used frequently.
(i) An expression e(x) in R is idempotent if and only if e (mm)"0 or 1 for
m"0, 1, 2,2, 2pn!1.
(ii) The idempotent e
s
(x) is primitive if and only if
e
s
(mm)"G
1
0
if m3C
s
otherwise.
where C
s
is some cyclotomic coset.
2.6. THEOREM. R has 2n#2 primitive idempotents given by
e
0
(x)" 1
2pn
n‘1
+
j/1
(X*
j
#X
j
) (x),
g
0
(x)" 1
2pn
n‘1
+
j/1
(X*
j
!X
j
) (x),
for 14i4n,
e
i
(x)" 1
2pn~i‘1 C(p!1)
n‘1
+
j/i‘1
(X*
j
#X
j
) (x)!(X*
i
#X
i
) (x)D ,
and
g
i
(x)" 1
2pn~i‘1 C(p!1)
n‘1
+
j/i‘1
(X*
j
!X
j
) (x)!(X*
i
!X
i
) (x)D .
Proof. By Lemma 2.2.
e
0
(mm)" 1
2pn
n‘1
+
j/1
(X*
j
#X
j
) (mm)"G
0 if m is odd
0 if m is even and pnPm
2pn
2pn
"1 if m is even and pn Dm
.
We now calculate e
i
(mm) for 14i4n.
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(i) if m is odd, or if m is even and pn~iPm, then
e
i
(mm)" 1
2pn~i‘1
[(p!1) ) 0!0]
"0;
(ii) if m is even and pn~i‘1 Dm, then
e
i
(mm)" 1
2pn~i‘1
[(p!1)2pn~i!(p!1)2pn~i]
"0;
(iii) if m is even, pn~i Dm and pn~i‘1P m, then
e
i
(mm)" 1
2pn~i‘1
[(p!1)2pn~i#2pn~i]
"1.
Thus, for 04i4n,
e
i
(mm)"G
1
0
if m is even, pn~i Dm, and pn~i‘1Pm
otherwise.
(7)
Similarly, it follows from Lemmas 2.3 and 2.4 that for 04i4n,
g
i
(mm)"G
1
0
if m is odd, pn~i Dm, and pn~i‘1Pm.
otherwise.
(8)
Fact (7) shows that for 04i4n, e
i
(mm)"1 if and only if m3)*
n~i‘1
and
e
i
(mm)"0 otherwise. Fact (8) shows that for 04i4n, g
i
(mm)"1 if and only if
m3)
n~i‘1
and g
i
(mm)"0 otherwise. Since for 14i4n#1, )
i
and )*
i
form
the complete set of q-cyclotomic cosets modulo 2pn, the result then follows
from Remark 2.5.
3. MINIMAL CYCLIC CODES OF LENGTH 2pn
Let E
i
and N
i
denote the ideals of R generated by the primitive idem-
potents e
i
(x) and g
i
(x), respectively, given by Theorem 2.6. As noted earlier,
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i
and N
i
are minimal cyclic codes F
q
of length 2pn. In this section, we obtain
the explicit expressions for the generator polynomial and the minimum
distance of these codes.
DeÞne the polynomials
g
0
(x)"n‘1+
j/1
(X*
j
#X
j
) (x),
g*
0
(x)"n‘1+
j/1
(X*
j
!X
j
) (x)
and for 14i4n,
g
i
(x)"(1!xpi~1) n‘1+
j/1‘1
(X*
j
#X
j
) (x)
g*
i
(x)"(1#xpi~1) n‘1+
j/i‘1
(X*
j
!X
j
) (x).
we assert that each of these polynomials is a divisor of 1!x2pn. For this, if
14i4n, then we can write
1!x2pn"[1!(xpi)2pn~i]"(1!xpi) [1#xpi#2#(xpi)2pn~i~1]
"(1!(xpi~1)p) C1#
2pn~i~1
+
j/1
xjpiD
"(1!xpi~1) (1#xpi~1#2#x(p~1)pi~1) n‘1+
j/i‘1
(X*
j
#X
j
) (x)
"(1!xpi~1) A
p~1
+
j/0
xjpi~1B
n‘1
+
j/i‘1
(X*
j
#X
j
) (x). (9)
Similarly,
(1!x2pn )"(1!(xpi)2pn~i)
"(1#xpi) (1!xpi#x2pi!x3pi#2#(!1)2pn~i~1x(2pn~i!1)pi)
"(1#xpi) n‘1+
j/i‘1
(X*
j
!X
j
) (x)
MINIMAL CYCLIC CODES OF LENGTH 2pn 185"(1#xpi~1) (1!xpi~1#x2pi~1
#2#(!1)p~1x(p~1)pi~1) n‘1+
j/i‘1
(X*
j
!X
j
) (x)
"(1#xpi~1) A
p~1
+
j/0
(!x)jpi~1B
n‘1
+
j/i‘1
(X*
j
!X
j
) (x). (10)
By deÞnition, g
0
(x)"(1"x2pn)/(1!x), g*
0
(x)"(1!x2pn)/(1#x). Equa-
tions (9) and (10) then show that g*
i
(x) and g
i
(x) and divides 1!x2pn. Hence
the assertion follows.
Further, by Lemmas 2.2 and 2.4, for 14i4n, g
i
(mm)"0 if and only if
mN)*
n~i‘1
, and g*
i
(mm)"0 if and only if mN)
n~i‘1
. Thus, for 14i4n,
g
i
(mm)"0 if and only if e
i
(mm)"0, and g*
i
(mm)"0 if and only if g
i
(mm)"0.
Since g
0
(x) and g*
0
(x) are constant multiplies of e
0
(x) and g
0
(x), respectively,
therefore, for 04i4n, g
i
(x)"gcd (e
i
(x), x2pn!1) and g*
i
(x)"gcd (g
i
(x),
x2pn!1) are the generating polynomials of the codes E
1
and N
i
, respectively.
By [2, p. 218, Corollary 3] generalized to the non-binary case), for
14i4n,
dim(E
i
)"number of mm for which e
i
(mm)"1
"number of even m divisible by pn~i
but no higher power of p (Theorem 2.6)
"pi!pi~1"/ (pi).
and
dim(N
i
)"number of mm for which g
i
(mm)"1
"number of odd m divisible by pn~i
but no higher power of p (Theorem 2.6)
"pi!pi~1"/ (pi).
Let, for 14i4n, E@
i
and N@
i
be the cyclic codes of length pi over F
q
generated
by the polynomial 1!xpi~1 and 1#xpi~1, respectively. Then dim(E@
i
)"
pi!pi~1"dim(N@
i
) and d (E@
i
)"2"d (N@
i
). The code E
i
, for 14i4n,
is a repetition of the code E@
i
of length pi repeated 2pn~i times. Hence
d(E
i
)"2.2pn~i"4pn~i . A similar description holds for N
i
and d(N
i
)"
4pn~1. Trivially d (E
0
)"2pn"d (N
0
).
3.1. Example. Choose p"3 and n"3 so that 2p3"54. Let F
q
"GF (q),
where q has order /(p3) ("18) modulo 54 [for example, we may choose
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)
1
"M1, 5, 7, 11, 13, 17, 19, 23, 25, 29, 31, 35, 41, 43, 47, 49, 53N
)*
1
"M2, 4, 8, 10, 14, 16, 20, 22, 26, 28, 32, 34, 38, 40, 44, 46, 50, 52N
)
2
"M3, 15, 21, 33, 39, 51N
)*
2
"M6, 12, 24, 30, 42, 48N
)
3
"M9, 45N
)*
3
"M18, 36N
)
4
"M27N.
The eight primitive idempotents given by Theorem 2.6 are
e
0
" 1
54
[(X*
1
#X
1
)#(X*
2
#X
2
)#(X*
3
#X
3
)#(1#X
4
)]
e
1
" 1
54
[2M(1#X
4
)#(X*
2
#X
2
)#(X*
3
#X
3
)N!(X*
1
#X
1
)]
e
2
" 1
18
[2M(1#X
4
)#(X*
3
#X
3
)N!(X*
2
#X
2
)]
" 1
18
2M(1#x27)#(x9#x45#x18#x36)N!(x3#x15#x21
#x33#x39#x51#x6#x12#x24#x30#x42#x48)]
e
3
"1
6
[2(1#X
4
)!(X*
3
#X
3
)]
"1
6
[2(1#x27)!(x18#x36#x9#x45)]
g
0
" 1
54
[(X*
1
!X
1
)#(X*
2
!X
2
)#(X*
3
!X
3
)#(1!X
4
)]
g
1
" 1
54
[2M(1!X
4
)#(X*
2
!X
2
)#(X*
3
!X
3
)N!(X*
1
!X
1
)]
g
2
" 1
18
[2M(1#X
4
)#(X*
3
!X
3
)N!(X*
2
!X
2
)]
" 1
18
2M(1!x27)#(x18#x36!x9!x45)N!(x6#x12#x24
#x30#x42#x48!x3!x15!x21!x33!x39!x51)]
g
3
"1
6
[2(1!X
4
)!(X*
3
!X
3
)]
"1
6
[2(1!x27)!(x18#x36!x9!x45)].
The codes E
0
, E
1
, E
2
, E
3
,. N
0
, N
1
, N
2
, N
3
are cyclic of block length 54 with
parameters as follows:
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E
0
1 54 g
0
(x)"(1#x#x2#2#x53)
E
1
2 36 g
1
(x)"(1!x)M(1#x27)#(x6#x12#x24
#x30#x42#x48#x3#x15#x21#x33
#x39#x51)#(x18#x36#x9#x45)
E
2
6 12 g
2
(x)"(1!x3)M(1#x27)#(x18#x36#x9#x45)N
E
3
18 4 g
3
(x)"(1!x9) (1#x27)
N
0
1 54 g*
0
(x)"(1#x2#x4#2#x52)
!(x#x3#x5#2#x53)
N
1
2 36 g*
1
(x)"(1#x)M(1!x27)#(x6#x12#x24#x30#x42
#x48!x3!x15!x21!x33!x39!x51)
#(x18#x36!x9!x45)N
N
2
6 12 g*
2
(x)"(1#x3)M(1!x27)#(x18#x36!x9!x45)N
N
3
18 4 g*
3
(x)"(1#x9) (1!x27)
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